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ABSTRACT

The problem of excitation of higher order modes

by a step discontinuity in a circular waveguide with an

incident dominant Hll mode is considered. An approximate

method is used to solve this problem. In this method, it is

assumed that the tangential electric field at the discontinu-

ity is zero everywhere except in t]le aperture where it is

equal to the incident tangential electric field. Relative

amplitudes of these excited modes are given and discussed.

,,4__za_aC-ot.--

I. INTRODUCTION

The use of a horn as a radiator has been considered either theoretically or experimentally by many

investigators (Ref. 1-4). tlowever, most previous work has been concerned chiefly with the radiation char-

acteristics of a horn radiator excited by a single waveguide mode. In order to suppress side lobes of the

radiation pattern and still retain an equal beamwidth for the main lobe, Potter (Ref. 5) recently investigated

the use of a horn radiator excited by a combination of two waveguide modes, lie has shown that a significant

reduction of the side lobe amplitude is achieved if the Ell circular waveguide mode is properly used in

combination with the commonly used dominant H 11 circular waveguide mode (i. e., the relative amplitude and

phase of the Ell and Hll modes must be properly chosen). One of the simplest ways of generating these

modes is to make an abrupt discontinuity of the cross section of the waveguide. The purpose of this report

is to investigate this excitation problem.

The problem of an obstacle or disco_it_ in waveguides has been treated by Schwinger (Ref. 6)

and his followers (Ref. 7-9) using the integral equation and variational techniques. IIowever, when more than
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one propagating mode can exist in the waveguide, the solution of the resultant integral equation becomes

very involved. Hence, an approximate method is introduced to consider the present problem. In this method

it is assumed that the tangential electric field at the discontinuity is a known quantity. Namely, it is the

tangential electric field of the incident wave at the aperture and is otherwise zero at the discontinuity. The

excited electromagnetic waves are expanded in terms of the orthonormal modes of the waveguide. The

expansion coefficients arc then obtained by matching the tangential electric field at the discontinuity.

Relative amplitudes of the excited waves are plotted. Results will be discussed.
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II. FORMULATION OF THE PROBLEM

One end of a circular waveguide of radius a, called wavegnidc 1, is connected with the other end of

a circular waveguide of radius b, called waveguide 2, as shown in Fig. 1. It is assumed that b > a. Only the

dominant tl 11 mode may propagate in waveguide 1; all other modes are evanescent. The only propagating

modes in waveguide 2 arc the //11' //21' HOp E01' and E l 1 modes. Because of the symmetrical characteristics

of the discontinuity, the azimuthal dependence of all excited modes will be either sin e or cos 0 if the

incident wave is the dominant//11 wave.

A"

(7

WAVEGUIDE 1

/-/iJ

WAVEGUIDE 2

0 t bzf

Fig. 1. Geometrical configuration

The tangential electric and longitudinal magnetic field components of the incident H 11 wave in a

circular waveguide may be given by I

ihllZ
//_ = //o °_ ]] %l P) cos _ e (la)

i_# 0
E(_ ) =

3/11

//o _) ]{ (Y]_ P) cos Oeih''z (lb)

E_ ) ir_#O a_i) ] eihll zH0 -- ]1 (Tll p) sin 0

T_] P

(lc)

1The nomenclature used in this Report follows that used in Ref. 10.
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)vh e re

J(T1 la) 2- 1 J1 (Tll a)

, Tll a = 1.8412, h_l = k 2 - Y_l

%2= _E 0

and//0 is the amplitude of the incident wave. The cylindrical coordinates (p, 8, z) are used. The harmonic

time dependence, e -last, is assumed and suppressed throughout. The appropriate expression for the transverse

electric field components of the transmitted wave in waveguide 2 is (Ref. 10):

Where

Eft) = E A E m
p p tp + Bp ETp (2)

I i_#o icJ/_ 0 l 1
Emtp = amp Jl' (_Ip P) cos toe 0 ]1 (3/15 P) sin _ep eihlmp z

wi th

I ih l; 1 ih l; , oEetp = aep e2 11 (3/_p P) cos _eO + --e J1 (3/lp P) sin _?e;

lp /9 3/lp
l eihelp z,

Ip =
h e /k 2 e2

lp = - ")/]p

J1 (3/_p b) = 0

(2, rrt = :, O_ e =

P X/(3/Tp b) 2- 1 ]l(Tlmp b) P b J 2 (3/_p b)

4
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where the prime signifies the derivative of the function with respect to its argument; e_ and ep are respec-

tively the unit vector in c) and p directions. A and B arc yet unkno_vaa coefficients. They may be foundp p

by matching the fields at the discontinuity.
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III. MATCHING AT THE DISCONTINUITY

At the discontinuity, i.e., at z = O, the transverse components of the transmitted electric field

must be identical with the aperture electric field Eap in the aperture and must be zero on the perfectly

conducting obstacle, i.e.,

(t) E for 0 < <
Et = ap __ p __ a

= 0 fora<p<b (3)

at z=0. Eft) is given by Eq. (2) with z=0.

Applying the orthogonality relations (Ref. 10)

fO2wjO b e rn(Etp • Etq) p dp dO = 0 for all p and q (4)

f0 ¢r fo b e . E e(Etp tq) p dp dO = 0

= h e2
lp

fo27T .b1° <E;E,3 dpdO=0
= c_2/z02

forp ¢_ q

forp = q

forp J q

forp = q

(5)

(6)

to Eq. (3), one obtains

277 Q

if� m-- °

Ap = cJ2/_2 (Eap Etp )
0 0

2_'g a

x/f
Bp - h e2 (Ear • Etp )

lp 0 0

p dp dO

p dp dO

(7)

(8)

6
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It is noted that the tangential aperture electric field Eap is still an unknown quantity. If one follows the

Schwinger (Ref. 6) formulation, one then obtains a Schwinger-type integral equation in which Eap is the

unknown function. The solution for Sap is very involved and tedious if more than one propagating mode

allowed in waveguide 2 as in the present case. To overcome this difficulty, we shall assume that the

tangential aperture electric field Eap is identical with the tangential components of the incident electric

field at z = 0 (see Eq. 1), as a first-order approximation. In other words,

is

[ ]in0#0 , io4z 0 1
Eap = H0 a(_ ) 11 (3/11 P) cos _e 0 J1 (711 p) sin Pep

T1 ] T21 P

(9)

The limitations of this approximation are similar to the ones made for the slot antcnna (Ref. 11). A discussion

of slots in waveguides has been given by Stevenson (Ref. 12). Substituting Eq. (9) into Eq. (7) and (8), and

carrying out the integration gives

2(T11 a) _12 Jl (_lp a)
A = tt o (10)

P (T_I-T? p) _[(rlla)2 1] [(3/1% b)2 l] ]'I(9/1% b)

WVo T121 X

B = -H o (11)p

help (3/1 1 b) ¢(T11 a) 2- 1 ('y_l- "y{ 2) J1 (Tll a)J2(_elpb)

wi th

X = ")ill a []2 (TIp a) ]_ (')/11 a)- 10 (Y_p a) J0 (')Ill a)]

+ T{p a [J0 (Tll a) 1_ (T{p a)-I 2(Tll a) ]_(T_p a)] (12)
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One obtains the complete expressions for the transverse components of the transmitted electric field by

substituting the expressions for Ap and Bp into Eq. (2):

1 z '1Ep(t) _ H 0 2 -- C P m 11 (Tlprn /9) sin _e thlp + Qp 11' (Tip;)e sin 0

a Tip p

(13)

e th lp z
-- J'l (3/1p P) cos _ e- 11o 2 C p l[ (yr_p p) cos 0 + QP e

a p 3/lp /3

wh ere

(145

3/ll a 3/7 3 a3 ]I (TTI a5

c = 05)

?(3/11 a)2- 1 (TI21 a 2+ rr_}a 2) [(_n 1 b) 2- 1] 11 (TT, b)

3/21 a2-3/r_ 2 a2N_ ?(3/71 b)2-1 J1 (3/lmp a) '1 (TT1 b) 3/7;a 3 ?(3/71 b)2-1

........ (16)

PP 3/_1 a2 3/r_; a2/ ?(3/lmp b)2-1 ]1 (Tr_l a) ]1 (Timp b) TT?a 3 _(Tlmp b)2_l

] (3/_1 a2-'y_/a2) [(3/71 b)2- 1] ]I (3/_I b)

Qp _ (17)
2 m 3 e 2 e

Tll ab2 (3/121 a2 - "Zip a2) Jx (3/11 a) ]2 (Tip b)

X

and X is given by Eq. (12)

Numerical computations of C, Pp, and Qp were carried out using the IBM 7090 computer for various

values of k 0 a and k 0 b. As mention in Sec. 11, we assume that the size of waveguide 1 is such that only

the dominant Hll mode may propagate and that the size of waveguide 2 is such that only Hll and E 11 modes
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may propagate. 2 tlence, the range of k 0 a and k 0 b, that we will consider, are respectively 1.841 < k 0 a

< 5.331 and 1.841< k 0 b< 5.331. Pp andQp for various values ofk 0 aandk 0 b are plotted in Fig. 2

through 5. tt can be seen that, as expected, ifk 0 b=k 0a, the only mode that is strongly excited is theHll

wave. As the difference between k 0 a and k 0 b becomes larger, other modes may be more strongly excited.

It is also interesting to note that for some specific values of k 0 a, the amplitudes of certain higher order

modes are zero. It should be recalled that the analysis given here is an approximate one. tlence, the results

are applicable only when the assumption, that the tangential aperture electric field is the incident electric

field at the discontinuity, may be used.

2 Because of the symmetrical nature of the discontinuity, H01, E01, and H21 propagating modes in waveguide 2

are not excited.
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wave. As the difference between k 0 a and k 0 b becomes larger, other modes may be more strongly excited.

It is also interesting to note that for some specific values of k 0 a, the amplitudes of certain higher order

modes are zero. It should be recalled that the analysis given here is an approximate one. Hence, the results

are applicable only when the assumption, that the tangential aperture electric field is the incident electric
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are not excited.

5Oi

4.0

ZO

1,0

-IO

--2rO

Fig. 2.

L

' 2"'\

I /

¢0 3

/

i.O 2 0 3 0 4 0 5.0 6.0

ko_r

Relative amplitudes of excited modes for k 0 b = 5.251



JPI_ Technical Report No. 32-496

50

40

30

20

--I0

-20

t.0

Fig. 3.

!

I

!

t

/103

V

/

20 30 40 50 60

koO

Relative amplitudes of excited modes for k 0 b = 4.051

10



JpI Technical Report No. 32-496

3.0

2.0

1.0

--/0

-2.0

\

P2 _

\\\

%,P3\ \\

Q_ \ _ __

Pi

P_/
__jJ

/

I_0

Fi g. ,L

2.0 3.0 4.0

koa

Relative amplitudes of excited modes

f_Jr k 0 b = 3.151

5.0

2.0

1.0

-I.0

Fig. S.

P!

\,,Ol

P3 ,,

2.0 3.0 4,0

koa

Relative amplitudes o( excited modes

for k 0 b = 2.451

11



JPL Technical Report No. 32-496

ACKNOWLEDGEMENT

The author wishes to thank Mr. Philip D. Potter of the Jet

Propulsion Laboratory, Pasadena, California, for many

valuable discussions.

12



JPL Technical Report No. 32-49&

REFERENCES

1. Chu, I,. J., "Calculation of the Radiation Properties of tlollow Pipes and tlorns]' Journal of Applied

Physics, II, September 1940, pp. 603-610.

2. tlorton, C. W., "On the Theory" of the Radiation Patterns of Electromagnetic llorns of Moderate Flare

Angles," Proceedings of the /RE, vol. 37, July 1949, pp. 74.$-749.

3. Schorr, M. G., and F. J. Beck, Jr., "Electromagnetic Field of the Conical Ilorn," Journal o[Applied

Physics, vol. 21, August 1950, pp. 795-801.

4. Silver, S., _lierou, ave Antenna Theory and Design, McGraw-IIill Book Company, New York, 1949.

5. Potter, P. D., "'A New lIorn Antenna with Suppressed Sidelobes and Equal Beamwidths," The Microwave

Journal, vol. VI, No. 6, June 1963.

6. Schwinger, J. S., "Notes on l,ectures by Julian Schwinger", Massachusetts Institute of Technology.

7. Miles, J. W., "The Equivalent Circuit for a Plane Discontinuity in a Cylindrical Wave Guide,"

Proceedings o[ the IRE, vol. 34, October 1946, pp. 728-742.

8. Marcuvitz, N., _aveguide Handbook, McGra_-tlill Book Company, New York, 1951.

9. Sheingold, L. S., "The Susceptance of a Circular Obstacle to an Incident Dominant Circular-Electric

_'ave," Journal o]"Applied Physics, vol. 24, April 1953, pp. 414-422.

10. Borgnis, F. E., and Papas, C. H., "Electromagnetic Waveguides and Resonators," Handbuch der Physik,

Springer-VcrJag,/Berlln, vo}. X_, 19,58.

]]. Silver, S., and Sauaders, W. K., "The Radiation irrom a Transverse Rectangular Slot in a Circular

Cylinder," Journal of Applied Physics, vol. 21, August 1950, pp. 745-749.

12. Stevenson, A. E., Journal of Apph:ed Physics, vol. 19, 1948, p. 24.

13




